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Abstract-The single-period inventory models have wide applications in the real world in s&sting 
the decision maker to determine the optimal quantity to order. Due to lack of historical data, the 
demand has to be subjectively determined in many cases. In this paper, a single-period inventory 
model for cases of fuzzy demand is constructed. The costs considered include the procurement cost, 
shortage cost, and holding cost. For different fuzzy total cost resulted from different order quantity, a 
method for ranking fuzzy numbers is adopted to find the optimal order quantity in terms of the cost. 
When the profit gained from selling one item is less (greater) than the loss incurred due to one unsold 
item, the optimal order quantity lies in the range defined for the left-shape (right-shape) function of 
the fuzzy demand. If the unit profit is equal to the unit loss, then all quantities with a membership 
grade 1 are optimal to be ordered. The methodology of this paper can be applied to construct other 
inventory models with fuzzy demand. @ 2002 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
One type of inventory problem frequently discussed in the literature is the single-period problem, 
in that only a single procurement is made [l-3]. A wide variety of real world problems including 
the stocking of spare parts, perishable items, style goods, and special season items offer practical 
examples of this sort of situation. This type of problem is sometimes referred to as the newsboy 
problem or Christmas tree problem, since it, can be phrased as a problem of deciding how many 
newspapers a boy should buy on a given day for his corner newsstand, or how many trees a dealer 
in Christmas trees should purchase for the season. 
In real world life, the major difficulty faced by the decision maker is to forecast the demand, 
since there usually involves uncertainty as to how many items customers will buy during the single 
period. At the end of the period, the items become obsolete. The existing literature discusses 
the models with probabilistic demand [4-61, in that probability distributions are estimated from 
historical data. However, in many cases, especially for new product,, the probabilities are not 
known due to lack of historical data. In this case, the demands are more suitably described by 
linguistic terms such as high and low, or are approximately estimated to be equal to a certain 
amount subjectively determined by the expert. Restated, the demands are fuzzy. 
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Several articles have applied the fuzzy set theory to discuss the fuzziness in the inventory 
problem. The problem that those articles address is related to the well-known economic order 
quantity (EOQ) problem, with some crisp parameters relaxed to fuzzy numbers. For example, 
Park [7] and Ishii and Konno [8] discuss the case of fuzzy cost coefficients. Roy and Maiti [9] 
develop a fuzzy EOQ model with a constraint of fuzzy storage capacity. Chang and Yao [lo] solve 
the economic order quantity with fuzzy backorders. Lee and Yao [ll] investigate the production 
quantity model with fuzzy demand and fuzzy production quantities. Lee and Yao [12], Yao 
and Lee [13,14], and Chang [15] treat the decision variable “quantity” as fuzzy numbers, A 
common characteristic of these studies is that out-of-stock is permissible when a demand occurs. 
In other words, the demand occurring when the system is out of stock are backordered until a 
procurement arrives, and no extra costs are incurred. In this study, only one period is considered. 
It is impossible to backorder in the next period. Therefore, a penalty is attached to the unsatisfied 
demand. 
The purpose of this study is to find the optimal order quantity for the single-period inventory 
problem when the demands are fuzzy. Since the demand is fuzzy, the cost associated with each 
inventory policy, i.e., the quantity to be ordered, is fuzzy as well. The approach is to find the 
quantity which has the minimum cost via some method for ranking fuzzy numbers. 
In the next section, we shall construct a model for the single-period inventory problem with 
fuzzy demand. A solution method is developed subsequently. Some characteristics of the optimal 
order quantity for this type of inventory problem are discussed to conclude this paper. 
2. THE MODEL 
Consider a single-period inventory problem. The demand is subjectively believed to be a 
normal fuzzy number i described by a general membership function pi 
where L(x) and R(z) are the left- and right-shape functions, respectively, of the fuzzy number A. 
The problem is to find the best order quantity in terms of the cost incurred. Suppose a quantity Q 
is ordered. The total cost p(Q) can be described as 
?(Q)=cQ+pmax{O,X-Q}+hmax{O,Q-I}, (2) 
where c is the unit cost for purchasing each item, p (p > c) is the selling price per unit, and 
h is the holding cost per unit remaining at end of period. Note that h is negative, representing 
the salvage value for each item. Normally, the salvage value is smaller than the unit cost, i.e., 
c > -h. A setup cost K could be added to model (2). However, since it does not affect the 
optimal solution, it is not considered in this paper. 
Figure 1 is a general membership function for the demand x. The optimal order quantity Q 
will never be smaller than 1 because p > c, which implies that when the supply is insufficient, 
the insufficiency should be kept to the minimum level 1. On the contrary, Q will never exceed u 
because c > -h, which implies that when the supply is sufficient, the sufficiency should be 
minimized to the level U. Therefore, the optimal order quantity Q will lie between 1 and U. 
If the demand x is smaller than the order quantity Q, then an amount of (Q - x) will be left 
at the end of the period, and the total cost is cQ + h(Q - x). On the contrary, if the demand x 
is greater than Q, then the inventory is insufficient by an amount of (x - Q), and the total cost 
becomes cQ + p(x - Q). To summarize, for a prespecified order quantity Q, the total cost is 
T(x I Q) = 
cQ+h(Q-x), lIx_<Q, 
c&+14x-Q), QIa:Iu, 
(3) 
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Figure 1. The membership function of x. 
depending on the demand x. Obviously, t_he demand x and the total cost T(z 1 Q) have the 
same membership grade. In other words, X and T(Q) have the same shape of the membership 
function. 
Let T(o) denote the o-cut, or the a-level set, of ?. There are three cases to be considered for 
the value of Q in discussing the membership function of p(Q) : 1 5 Q 5 m, m < Q 5 n, and 
nlQ<u. 
CASE 1. 1 < Q 5 m. For Q lying in the range of 1 and m, pi is the same as L(.), viz., the 
left-shape function of pi. It is clear from Figure 1 that for (Y 5 L(Q), the lower bound of the 
a-cut T(a) is cQ + h(Q - L-‘(a)) because the supply is greater than the demand by an amount 
of (Q - L-‘(a)), and the upper bound of T(a) is cQ + p(R-‘(o) - Q) because the supply is 
insufficient by an amount of (R-l(o) - Q). Wh en (Y 2 L(Q), the supply is always insufficient for 
any value of the demand defined in the a-cut. Thus, we have 
T(a)= [cQ+P(L-l(a)-Q),cQ+p(R-l(cr)-Q)], L(Q)sa~i. { 
[cQ+h(Q-L-l(a)),cQ+p(R-l(cr)-Q)], K~L(Q), 
(4) 
CASE 2. m 5 Q 5 n. For Q lying in the range of m and n, the lower bound and upper bound 
of the o-cut of ?? are cQ + h(Q - L-‘(a)) and cQ +p(R-‘(a) - Q), respectively, for any value 
of Q. Therefore, the o-cut of T is 
T(a)= [cQ+h(Q-L-l(cu)),cQ+p(R-l(a)-Q)], OIcr<l. (5) 
CASE 3. n 5 Q 5 u. For Q lying in the range of n and u, pp is the same as R(.), viz., the 
right-shape function of pi. Similar to the discussion in Case 1, the o-cut of p is 
[~Q+h(Q-L-l(cr)),~Q+p(R-l(cr)-Q)], OG&R(Q), 
[cQ+h(Q-L’-‘(a)),cQ+h(Q-R-‘(a))], R(Q)<asl. 
(6) 
In the next section, we shall discuss how to derive the optimal order quantity from the o-cut 
of T. 
3. THE SOLUTION METHOD 
Since the total cost i’(Q) is a fuzzy number, it can be ranked by the existing ranking methods 
for ranking fuzzy numbers. The quantity which has the minimum associated cost F(Q) is the 
optimal quantity to order. In the literature, a lot of ranking methods have been proposed and 
discussed [16]. Most of the methods require the knowledge of the membership functions of all 
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fuzzy numbers to be ranked, which is not possible in our case. The method of Yager [17], which is 
later modified by Liou and Wang [18], does not need to know the explicit form of the membership 
functions and can thus be applied. 
The Yager’s ranking method is based on an area measurement index defined as 
I ~ =IL(q+kq) 
0 2 ’ (7) 
where IL(~) represents the area bounded by the left-shape function of 3?(Q), the z-axis, the 
y-axis, and the horizontal line pp = 1, and I,(?) represents the area bounded by the right-shape 
function, the x-axis, the y-axis, and the horizontal line by = 1. The optimal order quantity Q* 
can be discussed from the three cases categorized in the preceding section. 
CASE 1. 1 5 Q 5 m. For Q lying in the range of 1 and m, the corresponding area measurement 
index can be calculated as follows based on equations (4) and (7): 
IF) =l’@){ . [Q 05 c +h(Q-L-‘(a))] +0.5[cQ+p(R-‘(cr))]} do 
+ 
I 
:,,, (0.5 [cQ +P(L-‘(~ - Q)] + 0.5 [cQ +P (R-%4 - Q)]} da 
= cQ + ;(h - p)L(Q) - pQ[l - L(Q)] + f 1’ R-‘(a) da 
0 
h 
-- 
I 
L(Q) 
2 0 
,T1(ct) da + f 
s 
1 
L-‘(a) dcr. 
L(Q) 
The first and second derivatives of I(?‘) with respect to Q are 
aI (F) 
- = (c -P) + 0.5(p + h)L(Q), 
$1 (F) 
8Q 
aQ2 = 0.5(p + h)L’(Q). 
The first derivative vanishes when L(Q) E P(p-c)/(p+h). Since p > -h and L(.) is an increasing 
function with L’(Q) > 0, therefore w is positive, implying that F(Q) attains the minimum 
at Q* = L-‘[2(p - c)/(p + h)]. However, 2(p - c)/(p + h) must lie in the range of 0 and 1 so 
that Q* will lie between 1 and m. Since p > c > -h, 2(p - c)/(p + h) is always positive. The 
requirement of 2(p - c)/(p + h) 5 1 implies (p - c) 5 (c + h). Hence, we have derived that 
for (p - c) 5 (c+ h). (8) 
CASE 2. m 5 Q 5 n. For Q lying in the range of m and n, the corresponding area measurement 
index, based on equations (5) and (7), is 
I(+)=${ [ 0.5 cQ+h(Q-L-‘(a))] -t0.5[cQ+p(R-‘(4-Q)]} da 
= [c - 0.5(p - h)]Q - ; /n’ L-l(a) da + ; I’ R-‘(a)da, 
which is a linear function in Q. If [c - 0.5(p - h)] is positive, then p(Q) attains its minimum 
when Q is set to its lower bound m. On the contrary, if [c - 0.5(p - h)] is negative, then f(Q) 
is minimized by setting Q to its upper bound n. When [c - 0.5(p - h)] = 0, any Q E [m,n] 
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has the same minimum cost p(Q). Now, [c - O.Fi(p - h)] > 0 implies (p - c) < (c + h) and 
[c - O.S(p - h)] < 0 implies (p - c) > (c + h), and we have concluded that 
Q* E 
1 
{ml, (P-c) < (c+h), 
[m,nl, (P-C) = (c+h), (9) 
{n), (P-C) > (c+h). 
CASE 3. n 5 Q < u. When Q lies in the range of n and u, the area measurement index can be 
calculated from equations (6) and (7) as follows: 
0 J 
R(Q) 
IT= (0.5 [cQ + h (Q - L-‘(a))] + 0.5 [cQ +p(R-‘(cx) - Q)]} da o 
+ J b,,, (0.5 [cQ+ h (Q - L-'(a))] + 0.5 [cQ + h (Q - R-l(a))]} da
=cQ+;(h- p)R(Q)+hQ[l -R(Q)]- $%)da 
+p J 
R(Q) 
2 0
R-‘(cr)da - h J 
1 
2 R(Q) 
R-a da. 
The first and second derivatives of I(p) are 
aI F 0 - = Cc + h) - 0.Q + h)R(Q), a21 (IF) 
aQ 
- = -0.5(p + h)R’(Q). aQ2 
By setting g to 0, one derives R(Q) = 2(c + h)/(p + hf. Since p > -h and R(,) is a 
decreasing function with R’(Q) < 0, w is positive, which implies that p(Q) is minimized for 
Q* = R-'[2(c+h)l(p+h)l, P rovided 0 5 2(c+h)/(p+h) 5 1. It is obvious that 2(c+h)/(p+h) > 0. 
The upper bound constraint of 2(c + h)/(p + h) 5 1 implies (p - c) 1 (c + h). Thus, we have 
derived that 
Q* = R-1 s , 
( > 
for (p-c) 2 (c + h). PO) 
Combining the three cases, i.e., equations (8)-(lo), the optimal order quantity is calculated as 
=L_’ 2(P-4 
[ 1 b+h) ’ 
(P - 4 I (c + h), 
Q* E [m4, (P - 4 = (c + h), (11) 
[ =R-l [$+I, (p-c)>(c+h). 
From the definition of p, c, and h, (p - c) represents the profit gained from selling one unit of 
the item and (c + h) represents the loss incurred for each item not sold. If the profit gained 
from selling one unit is less than the loss incurred for each item left unsold, then the inventory 
policy should be conservative to reduce the leftover. In other words, the suitable order quantity 
lies in the range of pessimistic estimate of the demand. The larger the difference is, the more 
conservative the inventory policy should be. On the contrary, if the profit gained is greater than 
the loss incurred, then the inventory policy should be aggressive to satisfy the possible demand. 
Restated, the suitable order quantity should lie in the range of optimistic estimate of the demand. 
The larger the difference is, the more aggressive the inventory policy should be. When the profit 
gained is equal to the loss incurred, the order quantity should be equal to the most likely demand, 
i.e., the quantity with membership grade 1. 
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4. DISCUSSION 
In the probabilistic case, the demand is described by a distribution function F(z) with density 
f(z). Under the objective of minimizing the expected cost, the optimal quantity to order is 
solved as [19] 
F(Q*) =s or Q* = ~-1 (5) . (12) 
This equation is similar to equation (8), except the latter has a constant 2 in the argument of L-l. 
This constant is due to the fact that the distribution function F(z) has a range of 0 and 1 and its 
inverse is uniquely determined; while the membership function p;\ has a left-shape function L(-) 
and a right-shape function R(.), each membership grade cr corresponds to two quantities, one 
associated with L(.) and the other with R(.). 
Another point to be noted is that the optimal quantity to be ordered in the probabilistic case is 
unique, while in the fuzzy case it is possible that more than one quantity is optimal, viz. Case 2. 
One form of the membership function widely used in applications is the trapezoidal function 
of the following form: 
\ 
L(x) = #, l<xIm, 
P;\(X) = 1, mFx<n, 
R(x) = w, n 5 x <IL. 
u n 
The a-cut of this fuzzy number is 
A(a) = [L-‘(a), R-‘(a)] = [l + a(m - l),u - a(u - n)]. 
If the demand is believed to be fuzzy with a trapezoidal membership function, then, based on 
equation (ll), the optimal quantity Q’ to order is 
=1+ s (m -4, (P-C) 5 (~+h), 
[ 1 
Q* E hn], (P - c) = (c + h), (13) 
(u-n), (P-C) L (~+h), 
which is very simple to calculate. 
Another form of the membership function which is also widely used is the triangular function, 
in that the range of [m, n] with a membership grade 1 in the trapezoidal function degenerates to 
one point {m}. In this case, equation (13) can easily be modified (by deleting the second case) 
to derive the equation for calculating the optimal order quantity. 
EXAMPLE. Consider a single-period inventory problem with a trapezoidal fuzzy demand i = 
[lo, 14,16,20]. Suppose the unit cost, selling price, and salvage value of the item are, respectively, 
c = 10, p = 12, and h = -4. Since the unit profit from selling one item (p - c = 2) is less than 
the unit loss incurred from one item left unsold (c + h = 6), the first formula of equation (13) is 
applied to find the optimal order quantity Q* = 12. If the unit cost is dropped to c = 8, then 
the unit profit p - c = 4 is equal to the unit loss c + h = 4. In this case, any amount defined for 
the plateau of the membership function, viz., the amount between 14 and 16, is optimal. If the 
unit cost is further dropped to c = 6, then the unit profit p - c = 6 is greater than the unit loss 
c + h = 2. The third formula of equation (13) is applied to find the optimal order quantity as 
Q’ = 18. 
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5. CONCLUSION 
Single-period inventory models have wide applications in solving real world problems. The 
conventional studies have focused on the cases that the demands are probabilistic. In other 
words, the demands follow certain distribution functions. This paper concentrates on possibilistic 
situations, in that the demands are described by subjectively determined membership functions. 
For each order quantity Q, a fuzzy total cost composed of the procurement cost, shortage cost, 
and holding cost is associated with it. By applying the Yager’s method for ranking fuzzy numbers, 
a quantity with the smallest fuzzy cost is calculated. 
Intuitively, when the profit gained from selling one unit of the item is less than the loss incurred 
for an unsold item, a smaller quantity should be purchased to reduce the leftovers. On the con- 
trary, when the profit is greater than the loss, a larger amount should be purchased to satisfy the 
customers’ demand. If the profit is equal to the loss, then it makes no difference to order a smaller 
quantity or larger quantity. In this study it is found that %maller quantity” corresponds to the 
domain quantity for the left-shape function of the fuzzy demand, “larger quantity” corresponds 
to the domain quantity for the right-shape function, and “no-difference quantity” corresponds to 
the quantity with membership grade 1. 
The equation for calculating the optimal order quantity when the demand is fuzzy resembles 
that of probabilistic demand. However, the optimal quantity to order in the probabilistic case 
is unique, while in the fuzzy case it is possible that all quantities with membership grade 1 are 
optimal. 
Since most single-period inventory problems do not have historical data to construct the proba- 
bility distribution function for calculating the optimal order quantity, the fuzzy model constructed 
in this paper should be helpful for solving real world problems. 
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